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Figure 1 indicates that the collective pitch should be
dropped to its lowest setting (0 deg) immediately after T s.
This action reduces the induced power loss, and -effectively
arrests the high rate of rotor rpm loss. The collective pitch is
then kept at 0 deg for 1.5 s before a collective flare is executed
to generate lift to reduce the impact velocity. The collective
pitch is on (or near) its upper bound during the last 0.5 s of
travel. From this particular entry condition (with sy =100 ft),
neither the upper nor lower bound on the rotor rpm is vio-
lated.

The upper bound on the rotor rpm is violated when Tpis 0.1
s (with standard rotor blades) and the entry height is above 450
ft. Figure 2 shows the time histories of the rotor rpm obtained
with and without a Q,,-bound from an entry height of 500 ft.
Without the Q,-bound, the peak rotor rpm is 415 rpm. The
rotor will peak at an even higher rpm if the engine fails at a
higher entry height. With a Q,,,,-bound, the rotor rpm stays on
the bound for a brief period of time, but never exceeded it.
The Q...-bound is not active in this particular case.

In Fig. 3, the impact velocity is plotted against the entry
height for three rotor lock numbers of 5.43, 3.19, and 2.61.
For all of the cases studied, the impact velocity first increases,
reaches a maximum, and then decreases with the entry height.
For the cases studied, the critical entry height, i.c., the entry
height with the maximum impact velocity, is between 100 and
150 ft. This critical height is close to the height of the ‘‘knee’’
of the low-speed H-V restriction zone. Figure 3 also indicates
that the high-inertia rotor (with a smaller lock number) per-
forms better than the low-inertia rotor for all of the entry
heights studied.

Figure 4, which depicted results obtained for three pilot
reaction times of 2, 1, and 0.1 s, indicates that the longer the
pilot reaction time, the poorer the autorotational perfor-
mance. For example, from an entry height of 150 ft, the
impact velocity obtained with a 2-s reaction time is more than
50% higher than that found with a 0.1-s reaction time. This
deterioration is due mainly to the severe bleeding of the rotor
rpm, loss of vehicle altitude, as well as the buildup of vertical
sinkrate within the pilot reaction time.

Concluding Remarks

A point-mass model of an OH-58A helicopter was used to
determine its autorotation profiles that minimize the impact
velocity of the helicopter while staying within bounds on the
rotor’s collective pitch and angular speed. The optimal control
strategies obtained are similar to those used by pilots in au-
torotational landings. The study indicates that there is a po-
tential for reducing the H-V restriction zone of OH-58A heli-
copters using optimal energy management techniques.
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Introduction

N many linear system studies and formulations, a derivative

of a matrix equation with respect to a matrix is desirable.
Unfortunately, there is no easy way of performing such differ-
entiation. This Note introduces a method of differentiating
matrices easily through the definition of some unique opera-
tors and notations.

Definitions

Definition: Vee () Operator for Two-Dimensional Arrays'
For a two-dimensional array A of dimension p X g

Vec(4) =[a/a] --a]|”
where «; is the ith column of array A. Note that the Vec
operator ‘‘vectorizes’’ a two-dimensional array by stacking the

columns together and reducing the dimension of the operand
array by 1, i.e., from two dimensions to one dimension.

Example:
1
A= 3 5
2 4 6

Vec(d)=[1 2 3 4 5 6|7
Definition: Vec (.) Operator for Three-Dimensional Arrays
For a three-dimensional array B of dimension (m,n,p)
Vec(B) = [Vec(By,,1), Vec(By,2) -+ Vec(Byy, )]

where B, is the kth subarray of B, where 1<k =p,
I=1,...,m,J=1,...,n. Note that the Vec operator reduces
the dimension of the operand array by 1, i.e., from three
dimensions to two dimensions.

Example:

1 3) (s 7y (9 n
sean-[(02) G0 (5 )]
Vec(B) = [Vec(é i), Vec<z ;), Vec<190 i;)]

15 9
2 6 10
B EREARY!
48 12

Definition: Expanded Identity Matrix Il

11 is a three-dimensional array of dimension (x,y,xy), and
Vec(Il) is the identity matrix of dimension (xy,xy).
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Example: Forx=2,y=3
1 0 0\/o 0 0\/0
11(2,3,6) =
(2.3,6) [<ooo><1oo><o
1 00 0 0 o
010000
Veern |0 O 1O 00
«lD=19 00 1 0 of =&
000010
000001

Definition: Transposition of the Expanded Identity Matrix
N=1(x,y,xy) and W7 =17(y,x,xp)

Example: Forx=2,y=3

F<100>T (ooo')f <01
[\oo 0 o/>\1 0 0/"\0 0

nr=

Definition: Expanded Identity Matrix with Respect to a
Two-Dimensional Array

11(., denotes an expanded identity matrix of dimensions de-
fined by the operand array.
Example: A =A(2,3) and 114 =11(2,3,6).

Properties of the Vec Operator
and the Expanded Identity Matrices

Differentiation: For a Two-Dimensional Array B of
Dimension m Xn

dB

—— =11
dVec(B) °

Proof: Consider the (/,/) element of Vec(dB/3 Vec(B)),
where 1<i<mn and 1<j<mn.

Vec( L > ~ 95 <n, pm+gq=i
aVec(B)),;  aVecm), I°" PmTA=
_ 3 Vec(B);
"~ 3 Vec(B);

_ (a Vec(B)>
~ \d Vec(B)/:;

9B _ (3 Vec(B)\ _ _
vec(a Vcc(B)> - (3 Vec(3)> = Lynxmn = Vec(llp)

Therefore

Also, since the dimension of dB/d Vec(B) is equal to the di-
mension of I, it follows that

B

dVec(B)

Note that the Vec (.) operator is not generally reversible.

The dimension of the operand must be specified for the Vec (.)
operator to be reversible. Similarly

aBT
3 Vec(B)

g
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1 0\/0 0 0\/0 O 1> 00 0>
0 0/\0 I 0/\0 0 O0/\O0 O 1
Chain Rule: The following differentiation chain rules can

easily be verified by expanding the matrices and using the
preceding basic differentiation rules:

8 (ABC)
= Al
d Vec(B) 8C

3 (ABTC)

e Al

d Vec(B) BC«

3 (BCB™)

———"  _11,CBT + BCII},
3 Vec(B) sC Clls

)T <000)T (001)T <000>T]
\0 1 0/°\0 0 0/ \0 O 1

10 01 00 00 00 00
= 00 00 1 0 01 00 00
00 00 00 00 10 0 1

Example:
rived by?

The standard Kalman filter gain matrix is de-

K =PHTR"!

The sensitivity of the gain matrix K with respect to the mea-
surement distribution matrix H is simply

K

————— = PIILR"!
8 Vec(H) H

Symmetry Properties:

1) If 4, B are symmetric matrices= Vec (A1IB) is symmet-
ric.

2) If C,D are general square matrices= Vec (CII"D
+ DIITC) is symmetric.

3) If C,D are general square matrices=Vec (CIID
+ CTIIDT) are symmetric.

All of the preceding properties can easily be verified by
expanding the matrices.

Conclusion

Using the previously defined Vec operator and the expanded
identity matrix notation, the derivative of a complex matrix
equation with respect to an array can be easily derived in a
manner similar to the normal differentiation procedure of
scalar equations. The concise notations are particularly suit-
able for digital computer implementation of complicated ma-
trix equations.
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